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Using symmetries of the current correlation function, we analyze the frequency dependence of the 
photon energy absorption rate of a striped Hall gas. Since the magnetic translational symmetry 
is spontaneously broken in the striped Hall gas, a Nambu-Goldstone (NG) mode appears. It is 
shown that the NG mode causes a sharp absorption at the zero energy in the long wavelength 
limit by using the single mode approximation. The photon energy absorption rate at the NG mode 
frequency strongly depends on the direction of the wave number vector. Whereas, the absorption 
rate at the cyclotron frequency does not depend on the direction of the wave number vector in the 
QQ ' long wavelength limit. The cyclotron resonance is not affected in the striped Hall gas. Our result 

supplements the Kohn's theorem in the system of the NG mode. 

PACS numbers: 73.43.Lp 

'ci 

^ ■ I. INTRODUCTION 

O . 

The two-dimensional electron system under a strong magnetic field, the quantum Hall system (QHS), without 

impurities has four symmetries, that is the electromagnetic U{1), the magnetic rotation, and the magnetic translations 

in X and y direction. The magnetic translational symmetry in one direction and the magnetic rotational symmetry 

S are spontaneously broken in a striped Hall gas, which is supposed to be realized at the half-filling of the third and 

_JL ' higher Landau Level (LL)s. The striped Hall gas has an anisotropic Fermi surface, and leads to a highly anisotropic 

^ , resistivityi^ Since the magnetic translation is spontaneously broken in this state, a Nambu-Goldstone (NG) mode 

Q ■ appears. Dynamical effects of the NG mode are studied in the present paper. 

O ] There are several theoretical works which would lead to the highly anisotropic resistivity at the half-filled third and 

higher LLs. The Hartree-Fock approximation (HFA) at the half-filled Ith LL predicts two solutions, a unidirectional 

^.f-\ ' charge density wave (UCDW)2*^i^ and a highly anisotropic charge density wave ( ACDW) ^ The striped Hall gas is the 

^ UCDW which has an energy gap in one direction and no energy gap in another direction. The ACDW has an energy 

lO ' gap in each direction. Collective modes for the UCDW have been studied based on the edge current picture^^iSiiSiiiiiS 

^^ , the generalized random phase approximation (GRPA)ji^ and the single mode approximation (SMA)ii^*iSii& Collective 

CN modes for the ACDW have been studied in the time-dependent HFAii We use the UCDW and the SMA to study the 

photon absorption effect of the NG mode. 

The Kohn's theoreniii is a quite general theorem concerning the photon absorption in the QHS. It includes two 

f~^ ' statements on the cyclotron resonance. The first one is that a sharp absorption of a homogeneous rotating microwave 

"^ occurs only at the cyclotron frequency. The second one is that the cyclotron resonance is not affected by electron 

C^ interactions. The implicit assumption for the first statement is that the zero-energy excited state is absent in the long 

G , wavelength limit. The assumption is not satisfied in the striped Hall gas. 

I ' It is an open question if a sharp absorption at the NG mode frequency occurs in the long wavelength limit. A 

' ^ [ photon energy absorption rate is proportional to the imaginary part of a current correlation function, and is inversely 

*~^ proportional to the frequency w of the electromagnetic vector potential Ag^t = Ee^^'^^'^^^^~^^*' /iu. Here £ is the 

polarization vector, (k, kz) is the wave number vector and (r, z, t) is the space-time coordinate. We project the system 

onto the /th LL and study the contribution of the NG mode. Since the imaginary part of the LL projected current 

*^. ' correlation function becomes zero in the |k| ^ limit, it would appear that the photon energy absorption rate is 

K^ , zero. However, when u) equals the NG mode frequency u!mg{^)^ the denominator also becomes zero in the |k| — > 

5^ limit. Hence, the |k| — > limit of the photon energy absorption rate could be finite. Actually, we find that a sharp 

5^ , absorption occurs at the NG mode frequency. The photon energy absorption rate at the NG mode frequency strongly 

depends on the direction of k. 

Without the LL projection, we study the cyclotron resonance in the striped Hall gas. The photon energy absorption 
rate at the cyclotron frequency does not depend on the direction of k in the |k| -^ limit. Then we find that the 
cyclotron resonance is unaffected in the striped Hall gas phase. The second statement of the Kohn's theorem is intact. 
This paper is organized as follows. In Sec. II, the symmetries of the QHS are clarified and the striped Hall gas 
is constructed as an eigenstate of charges of unbroken symmetries. The current correlation function is computed 
by means of the magnetic translational invariance of the striped Hall gas in Sec. HI. A trigonometric factor of the 
momentum and the periodic Dirac's delta function of wave number vectors appear due to the stripe periodicity. In 
order to investigate the current correlation function in the long wavelength limit, we also use the Hartree-Fock (HF) 



solution of the striped Hall gas in Sec. III. We discuss the photon energy absorption rate of the striped Hall gas and 
the f-sum rule by using the SMA spectrum in Sec. IV and give a discussion and summary in Sec. V. Appendix A gives 
a definition of the photon energy absorption rate. The cyclotron resonance is derived in appendix B. 

II. BROKEN SYMMETRIES OF THE STRIPED HALL GAS 

The striped Hall gas spontaneously breaks the magnetic translational symmetry of the QHS. We clarify symmetries 
of the QHS, and define the striped Hall gas state in terms of conserved charges of the magnetic translational symmetry. 

A. Symmetries of the QHS 

In the QHS, the Hamiltonian has four symmetries, that is the electromagnetic U{1) symmetry, the magnetic 
translational symmetries in x and y direction, and the magnetic rotational symmetry. First, we introduce conserved 
currents and charges for these symmetries. The two-dimensional vector potential Ai(r) is introduced by means of 
B = dxAy — dyAx- We ignore the spin degree of freedom and use the natural unit (h — c — \) m. the present paper. 
We introduce relative coordinates and guiding-center coordinates of the electron cyclotron motion. The relative 
coordinates are defined by ^ = {—idy + eAy)/eB and rj = —{—idx + eAx)leB. The guiding-center coordinates are 
defined by AT = x — ^ and Y = y — rj. These coordinates satisfy the following commutation relations, [X, Y] ~ — [^, rj] = 
i/eB and [X, ^] = [X, rj] = [Y, £] = [Y, rj] = 0. The operators X and Y are the generators of the magnetic translations 
of the one-electron state in —y direction and x direction, respectively. The total Hamiltonian H of the QHS is the 
sum of the free Hamiltonian Hq and the Coulomb interaction Hamiltonian Hint as follows, 

H = Hq + Hint , 

Ho = Jd\^Hr)^{e + ri')^{r), 

H,nt = i /"dVd2r'*t(i.)^t(i.')i/(r_r')*(r')*(r), (2.1) 

where ^(r) is the electron field operator, luc = eB/m, and V{r) = q^ /r {q^ = e^/Aire, e is the background dielectric 
constant). We do not consider impurities and a confining potential in this paper. Noether currents of the electromag- 
netic C/(l), the magnetic translations in x and — y directions are defined by j^ — '^^v^'i', jy — '^^v^Y'^ + S^C/eB and 
j^ — '^''v^X'^ — S^C/eB. Here, v^ — (1, v), v = LOc{—r], ^) and C is the Lagrangian density for the total Hamiltonian 
H . Conserved charges Q, Qy: Qx for the electromagnetic U{1) and the magnetic translations are defined respectively 
by Q = j <P"rj'^{Y)^ Qy = /d^rjy(r) and Qx = J d^^Jxi^)- These charges commute with the total Hamiltonian H 
and obey [Qx, Qy] — iQ/eB. The electromagnetic U{1) charge Q commutes with all conserved charges. We assume 
that Q is not broken and the ground state is the eigenstate of Q as Q\0) = A^elO), where N^ is the number of electrons. 

B. Symmetries of the striped Hall gas 

The conserved charges of magnetic translations satisfy the following algebra. 



^j-^(r) = -^[f(r),QY], 

^^•''(r) - ^[r{r),Qx], (2.2) 



dx 



dy 



where a = ■y/27r/ei?. Those states which are periodic in one direction and uniform in another direction break the 
magnetic translational symmetry. Since an expectation value of the left hand side of Eq. (|2.2|l with respect to the 
states becomes nonzero, the states cannot be eigenstates of the conserved charge Qx or Qy- Therefore the magnetic 
translational symmetry is spontaneously broken. 

We construct the striped Hall gas state which breaks the magnetic translational symmetry in x direction and 
conserves the magnetic translational symmetry in y direction. The magnetic translations in x and y directions are 
generated respectively by exp(z^a;Qy) and exp{—i^yQx) which is derived from Eq. H2.2I) . Hence, the striped 
Hall gas state is an eigenstate of an infinitesimal magnetic translation in y direction, exp {—i^yQx), and is also an 
eigenstate of a stripe period magnetic translation in x direction, exp {i-^VsarixQY), where n^ is an integer and rgU is 



a period of the stripe. The striped Hall gas state is characterized by an eigenvalue K'^"*) of the magnetic translation 
generator and a species index a as 

HIK^^V) = S,(K(™))|Q^"\a). (2.3) 

The ground state obeys H|0, do) = i?crg(0)|0, uq). We assume a periodic boundary condition for the striped Hall gas 
in a rectangle with the length L^ars and Lya/r^ as 

yLxTgU aLy J 

where L^, Ly are integers, rrix = 0, • • • , L^ — 1 and rrij, — —[NeLy/2], • • • , [A^e^y/2] — 1 ( [x] is the integral part of a;). 
The thermodynamic limit L^, Ly, N^ — > 00 is taken in the following. In this limit, the completeness becomes 

^-^ ^-^ LxTstt aLy L^rsQ aLy 

^J2t^Z^2 dK, dKy\K,cT){K,cT\ = l, (2.5) 



where A = L^LyU^. 



{2n) 



III. CURRENT CORRELATION FUNCTION 



First, we represent a current correlation function in terms of the magnetic translational property of the striped Hall 
gas. Next, the current correlation function is projected onto the Ith LL, and is evaluated by including the NG mode. 
We use the HFA and the SMA to evaluate the current correlation function. 

A. Symmetry of the current correlation function 

We set a = 1 in the following calculation for the simplicity. The current correlation function of the striped Hall gas 
|0, (Jo) is defined by 

U^"'{k,k';uj,uj') = f dtdt'd'^rd^r'{0,ao\Tj''ir,t)f{r',t')\0,ao)e'^"+'^''''-"^'-"^'''', (3.1) 

where T means the time-ordered product. Let us write the current operator as j^(r,t) ~ e'^*j^(r,0)e~*^'. By 
using the completeness of energy eigenstates Eq. (I2.5|) between current operators in Eq. H3.1|l . the current correlation 
function becomes 

li^''(k, k'; w, w') = ~i2Tr6{iJ + w')^r(k, k'), (3.2) 

where 

Kr(k,k') = 

^ ^ r^^'^wj.' r ^i.^ f(0,aob>(k,0)|K,(T)(K,(Tb-(k',0)|0,ao) (0, (To^ (k', 0)|K, a)(K, a|j>(k,0)|0, do) 



(27r)2 Jo ' J_^ « [ cu + E,(K) - E^,{0) - 16 to - E, (K) + E,, (0) + tS 

(3.3) 

and S in the denominator is an infinitesimal positive constant. 



Next, we transform iir^'^(k, k') with the use of Eq. (|2.2(l . The current operator is transformed under the magnetic 
translation as j^(r,0) = e-'^'^'''"-'^^ j''(S, y,0)e*27rr,n,Q,, ^^^ jf'{x,y,0) = e'2'^s"3^j''(x,0, 0)e-*27ryQx^ ^j^ere r = 

{rsUx + x)ex + y^y with —rs/2 < x < rs/2. e^ and Gj, are unit vectors in x and ?; direction, respectively. Inserting 
these current operators into Eq. 13.31) . we find that Qx and Qy are replaced by eigenvalues of excited states as follows, 

A f-2-KJrs f-OO f-Vsjl f-OQ 

A'^"'(k,k') = VtA^ / dKx \ dKyY^ dxdx' / dydy'e''=-(''='"="+^)+''=»^+*'=^(''''<+^')+''=>' 

[ (0, ^0|J^(^, 0: 0)|K, g) (K, a\f{x', 0, 0)|0, gp) ,r,KAn^-n'^^+^K^iy-y'^ 

_ (0, ^ob"(x^ 0, 0)|K, g) (K, c7|jA'(x, 0, 0)|0, ap) ^^..,K,(„,-„:)-.K„fa-,') 



^7.t: JTs poc prs/2 



^ V''^) Jq J-oo J-rs/2 „, J-oo 

0, ap|jA'(S, 0, 0)|K, a) (K, ab-(S', 0, 0)|0^ y ^.(fe,+K.)..< ^ ^^"^.(fc.+KJy" 



Lu + E,{K) - E„,iO) ~ i6 

{0,ao\rix',0,0)\K,r)(K,a\J^^{x,0,0)\0,ao) 
uj - E,{K) + E^.iO) + ^S 



^g»(fe.-i^.)r,<' /■ dy"e»(fc«-^«)a" I (3.4) 

„// J — oo 



where y" = y — y' and n" = Ux — n'^- After carrying out y' , y" integrations and the summations of n'^ and n", the 
delta functions in the correlation functions appear as 

^9 n2 /■'"s/2 /•2TT/rs rco O-TrTV 

i^r(k,k') = V^^ / dxdx'Y, dKx d/v^e'fc^s+'fcis'^(k + k'-^^) 

/ (0,ao|J^^(.T,0,0)|K,a)(K,cT|J-(:^^0,0)|0,ao) ^^,^ 27rN' 

I u + E4K)-E.M-^S ^^^^^ ~^' 

{O,ao\f{x',0,0)\K,a){K,a\j'^{x,0,0)\O,ao)_g^^_-^_27TN'. 



to ~ E,{K) + E,,{0) + iS ' r, 

(2nY r=/' ._ ._,^ f .... .u .^.■.'.' 27rN. 



y^A^^^ f ' " dxdx'V] fd^Ke'''^^+''''^^'S{k + k' 

^s J-rj2 .r J 



'r.l2 ^ J r, 

O,ao|j'^(x,0,0)|K,a)(K,a|j-(x',0,0)|O,ao>^^^_^j^^ 



5(K - k) , (3.5) 



w + ^,(K)-i;<,„(o)-iJ 

(O,ao|J^-(x^0,0)|K,a)(K,a|j^(a;,0,0)|O,ao 

where N = iVe^:, N' = N'e^^ N and TV' are integers. In Eq H3.5|) . we extend the finite i^Tj^ integral region into the 
infinite region with the use of an assumption Ea{Kx + ^-k JTs^^Ky) — _Eo-(K). After the K integration, the current 
correlation function becomes 

ifr(k,k') = (2^)2^5(k + k'-27rN)n';r(k,^), (3.6) 

where k = ivskxi^yl^s)- n^''(k, w) is defined as follows, 

J j-r^l2 j-r^/2 

n^"(k,c^) = 411 / dx ^^/g.fe.2+.(fe.-^)s' 

0, ao|/'(x, 0, 0)1 - k, a) (-k, a|j-(x', 0, 0)|0, ap) (0, ao|j''(x', 0, 0)|k, a) (k, a|j^(S, 0, 0)|0, dp) 



cj + E„i-k) - £;^„ (0) ~i6 uj- £;^(k) + K„(0) + i5 

(3.7) 



We use jf{x,0,0) = J (Pk'jf'ik' ,0)e-''''-^ /{2n)'^ and J'^J^^^^dxe'^''--''-^^ ^ 2sin((fc^ - k'^)r s 1 2) / {k^ - k'^). Then we 
obtain 

(0,aob>(k^O)|~k,a)(-k,a|j-(k^O)|0,ao) (0,ao|/^(k^O)|k,a)(k,a|j^(k^O)|0,ao) ] 

The delta function of k and k' is periodic in k^ direction because of the periodicity of the striped Hall gas. When 
k = 0, the cyclotron resonance is derived with the use of Eq. H3.8|l in Appendix B. If the magnetic translational 
symmetries in both x and y direction were unbroken, then the delta function would become (27r)^(5(k + k') and there 
would be no trigonometric factor. 

B. Evaluation of the current correlation function 

We evaluate the current correlation function of the striped Hall gas in the half-filled Zth LL. The striped Hall gas 
state spontaneously breaks the magnetic translational symmetry in x direction and there exists the NG mode. We 
project the current correlation function onto the /th LL to study the contribution of the NG mode. Since the species 
index a becomes ctq after the LL projection, we do not write the species index of the LL projected current correlation 
function in the following in the present paper. We use the UCDW in the HFA^-^ for the ground state, and use the 
SMA 14,15^16 f-Qj. ^j^g ]v^Q uiode in order to evaluate the right hand side of Eq. llTH|) . 

The UCDW in the HFA and the NG mode in the SMA are discussed by using the von Neumann lattice (vNL) 
formalism^ in which the QHS is represented as a two-dimensional lattice system. In the vNL formalism, the one- 
electron states are expanded by the vNL basis. Let us introduce the vNL basis. A discrete set of coherent states of 
guiding-center coordinates, 

{X + iY)\amn) = Z^n\a.mn)-, (3.9) 

is a complete set of the (A", Y) space. Here we use Zmn = [mrs + in/rg) with integers m and n. These coherent states 
are localized at the position {mrs, n/rg). By Fourier transforming these states, we obtain the orthonormal basis in the 
momentum representation, |/3p) = Emn e'^"™^'^''"l"™n)//3(p), where /?(p) = (2ImT)i/4ei^pS/4'^^i((p^ + Tpy)/27r|T). 
The 1^1 is a Jaccobi's theta function and r — ir'^. The two-dimensional momentum p is defined in the magnetic 
Brillouin-zone (BZ), \pi\ < vr. A discrete set of the eigenstate of the one- particle free Hamiltonian, 

"^{e + V')\fi) = cu^il + l)\fi),l = 0, 1, 2, . . • , (3.10) 

is the complete set of the (^,77) space. The Hilbert space is spanned by the direct product of these states, |Z,p) = 
\fi) ^ l/3p)- In the following in this paper, we do not write the time dependence explicitly. A field operator of an 
electron is expanded by the vNL basis as 



*«=E/ 7;r^fe/(p)(r|^p), (3.11) 



where &i(p) is the anti-commuting annihilation operator which obeys 

{blip), blip')} = Sw E(2'^)''5(P - P' - 27rn)e^^(p''") (3.12) 



N 



with a boundary condition fe;(p + 27rn) — e*'^'^P'"-'6;(p). Here, n — inx,ny), n^ and Uy are integers and 4>ip,n) = 
Triux +ny) - UyPx. 

The mean- field state of the striped Hall gas in the HFA has an anisotropic Fermi sea (FIG.l) which is uniform in 
Px direction. The mean-field state is constructed as |0) = A''iHpgFS^[ (p)|wac). Here Ni is the normalization constant, 
FS denotes the Fermi sea and \vac) is the vacuum state which is occupied up to the I — 1th LL. The two point function 
is given by 

{0\blip)bi,ip')\0)^5u'd[f^^e^^Up)] 5^(27r)25(p-p' + 27rN)e^^(P'^), (3.13) 

N 
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FIG. 1: Fermi sea in the magnetic BZ of Zth Landau level 



where /z is a chemical potential and ejjp(p) is a one-electron energy in the Zth LL. The HP state |0) is an eigenstate 
of magnetic translation operators with an eigenvalue K = 0. 

The SMA is a variational method to calculate the lowest excited state, and is consistent with the GRPA in numerical 
calculations ii^ The low energy excitation in the SMA is a fluctuation of the density in the striped Hall gas. Given 
the ground state |0), the NG mode in the SMA at k is assumed as 



P*(k) 



|0) 



(3.14) 



with the projected density operator, 



(P'-p 



p,(k) = Pi I d\^Hr)e''^-^^ir)Pi - / -^bjipMp - k)e-'^(2p„-fe„)^ 



(3.15) 



BZ 



where Pi is a projection operator onto the subspace of the ^th LL. iV^ is the electron number in the Ith LL, 
and the function s(k), defined as s(k) = (0|p*(— k)p*(k)|0)/iV*, is the static structure function. The excita- 
tion energy in the SMA is given by EsMA{i^) = /(k)/s(k), where /(k) = (0|[p*(-k), [7J('), p,(k)]]|0)/2Af;. The 
operator i/*^') = J d^fcp*(k)w;(fc)p*(k)/(2(27r)^) is the Hamiltonian projected onto the Ith LL, where viCk) = 
exp (— k^/47r)[i;(k^/47r)]^27r(7^/fc, and Li{x) is the Laguerre polynomial. From our previous paper^i^ we know 
^SMA(k) — q'^\ky\{Aokl + Boky + 0{klky,k^)} and that the NG mode in the SMA is an eigenstate of magnetic 
translation operators with an eigenvalue K = k. 

In terms of |0) and |k), the matrix element in the integrand of Eq. H3.8|l . i.e., (0, crob''(k')|k, a), is replaced by 



{0\Pu'^ik')P\k) = (0|a^(k')p*(k')|k) ^ ^i^(0|p,(k')p,(k)|0). 



VNim 



(3.16) 



Here, Q;^(k') is defined by 



a^(k') 



e 8,T 



j=x,y c^ gj,' ^<- i-\iiT') L-i]=x.y ^ 






(3.17) 



From Eqs. (|3.12|) . H3.13|l and (|3.15|) . the expectation value of /5»(k')/5»(k) is obtained as follows, 



(0|p,(k')/5*(k)|0) 



d^p 



d'v' -,^ 



BZ (2^)2 7bz (27r)2 
(^■■p f (Pp' 



e-'4f (2p«-fc;)-«4f(2p;-fe«)(o|6t(p)5j(p „ k')6t(p')5^(p' _ k)|o) 



BZ (2^)^ 7bz (27r)2 
^(27r)2(5(p -K k' - p' - 2nn)e"l''^P' 



e-»4f (2p«-fc;)-»fe(2p;-feJ{_(0|6|(p)5|(p')6i(p - k')6i(p' - k)|0) 



'\blipMp'-k)m 



(p,(k'))(p*(k))+e^^-*^ 



^(27r)2j(k + k' - 2^n)7(n„ ky)e'^"-6n,o- 



(3.18) 



Here (0|6j(p)6] (p')6/(p — k')bi{p' — k)|0) is decomposed into the direct term and the exchange term, and the product 
of (p,(k')) comes from the direct term. The j{nj.,ky) is defined as 



7K, ky) = 6,,J-^ + ^ jsin (^) - e^^^ sin {^{tt - \ky\)) | (1 - <5„^o). (3.19) 

The expectation value (p,(k)) — (0|/5,(k)|0) = (27r)^^„ <5(A:a; + 27rnj:)5(fcj,) exp(i7rn:r) sin (ri3;7r/2)/(na;7r) vanishes in 
the smaU k region (k ^ 0). Thus the matrix element in the numerator in Eq. 13.811 in the small k region becomes 

(0|P,jV'(k')Pdk)(k|F,j>(k")FHO) = ^'i^)<^^^p/''-'''^;:'^''y' ^7K,fc,)7K,fc,)e-(-+<)<5„„o<^„iO 






X (27r)2j(k + k' - 27rn)(27r)2,5(-k + k" - 2™'). (3.20) 

By inserting Eq. (|3.2U|) into Eq. (|3.8|l and carrying out the k', k" integrations, the current correlation function 
Il'^^{'k,uj) in the Ith LL is obtained as 

^ {-l)^Aa'^{-kx + 2Trnx/rs,-ky)a''{kx + 2T:n'^/rs,ky)^{nx, ky)j{n'^,ky) sin^ k^ 
^^^ N*s{k){k^ - TTn^){h + 7r< - ttAT) 



w + -EsMA(-k) -i(5 w- SsMA(k) + i(5 



(3.21) 



The dominant contribution in the current correlation function IIq^ (k, uS) comes from the n^; = n^ = term at the 
small k region due to the factors {ak^ — Trria;)"^ and {ak^ + 7rn^ — tiN)^^ . The dominant term of nQ^(k, lo) reads 

Vlfcylsinfc^y a^(-k)a'^(k) / 1 1 



^ 27r fc^ y iVe*s(k) \uj + EsMA{~'k) - iS uo - EsMAi"^) + i5 

\k \ { 1 1 1 

= an-k)a''(k)^ |______ - ______| . (3.22) 

Here we use the static structure factor s(k) = \ky\/{2'KVf,) at a small k, where i/, = ^e I ^ i^ a filling factor of the Zth 
LL. We also use lim^^^o sinx/x = 1. 

IV. IMPLICATIONS OF THE NG MODE 

From the current correlation function of the striped Hall gas, we see implications of the NG mode. In the subsection 

A, we find a sharp energy absorption at the NG mode frequency besides at the cyclotron frequency. In the subsection 

B, we study the dominant resonance of the density correlation function in the long wavelength limit and show that 
the density correlation function satisfies the f-sum rule. 

A. Photon energy absorption rate 

When an external electromagnetic wave is added, the striped Hall gas absorbs the photon energy. We study the 
photon energy absorption rate which is proportional to the current correlation function, and inversely proportional 
to the frequency to (see appendix A). A sharp absorption occurs sX uo — lUc when k = (see appendix B). The striped 
Hall gas has the NG mode lo = ajjvG(k), and a sharp absorption may also occur at the NG mode frequency which 
vanishes in the |k| — > linfit. 

As a typical example, we assume that the electromagnetic wave is propagating in the three-dimensional space (r, z) 
as E = £l{gx -l-zey)e*''''+*'^'^~"^*, where ElIg^x +i^y) is a left-handed circularly polarization vector, and fcz is a wave 
number vector in z direction. The photon energy absorption rate of the striped Hall gas is expressed by the current 
correlation function as 

P ^ ?^(lm^>ong-(k,c.) +Im<,>ongnk,c.)), (4.1) 



8 

which is derived in the appendix A. 

In order to evaluate the contribution of the NG mode, we project the photon energy absorption rate onto the Ith 
LL as 

Png = ^^(lm^>oflg,^'(k,c^)+Inwonf{r(k,c^)). (4.2) 

By inserting Eq. 13.2211 into the above equation, we compute the photon energy absorption rate as 

Png = ^ 5] a'^(-k)a^(k)i^27r(5(c.-£;sMA(k)) 



i—x.y 



\ 27r J q^iAokl + Bok^y) 



6{u;-q^\ky\{Aokl+Bok^)), (4.3) 



where we use EsmaO^) = Q^\ky\(Adk'^ + Bok^), and a*(k) = iujc{l + l/2)e'^A:j/(27r) in the small k region. We also 






used e~^ — 1, Li{x) — 1, L[{x) = —I \n x —f Q limit. The ratio (fc^ + ky)/{Aok^ + B^ky) converges to a constant 
value when kx and ky approach zero in the same order or when ky approaches zero in the higher order than kx- In 
particular when we fix kx and take a fcj, — + 0, the photon energy absorption rate is obtained as follows, 

Pno^ [ '''^il^'^^ )\<fA,rl)-Ui.). (4.4) 

This result shows a sharp energy absorption at the NG mode frequency. The same result is obtained for the right- 
handed circularly polarized electromagnetic wave. On the other hand, a sharp energy absorption at lu = ujc with k = 
is derived by using the current correlation function without the LL projection. The result becomes the following (see 
appendix B); 

^cyclotron = ^27r(5(cj - LUc), (4.5) 

m 

where pe — N^/A. The cyclotron resonance is not affected by the NG mode. A sharp absorption at cj = i?gMA(k) 
occurs at a small k in addition to the sharp absorption at the cyclotron frequency. For the right-handed circularly 
polarized electromagnetic wave, Pcyciotron = 0. 

The strength of resonant peaks depends on a magnetic field B. Fig. 2 shows the i?-dependence of the photon 
energy absorption rate. Png smd Pcyciotron of the striped Hall gas depend on B through the cyclotron frequency lOc 
and a — ^^-k jeB which has been set 1 so far. The photon energy absorption rate at the NG mode frequency in the 
SI units is limB3„A_^oPNG/(fl'5(tj - i^sMA)) = 1-810 x \^^B^I'^\^^ AVkg m] with I = 2, Vs = 2.474 and Aq = 0.351. 
The value of rg is determined by minimizing the HF energy per unit area. The photon energy absorption rate at the 
cyclotron frequency in the SI units is Pcyciotron/(fi<5(w — cUc)) = 1.572 x 10^i3[s^ A^/kg m] with I = 2. The photon 
energy absorption rate at the NG mode frequency is larger than the photon energy absorption rate at the cyclotron 
frequency. 

The strength of Png depends on the incident angle of the electromagnetic wave. When the electromagnetic wave is 
tilted parallel to the stripes, the photon energy absorption rate diverges in the |k| -^ limit. When the electromagnetic 
wave is tilted perpendicular to the stripes, the photon energy absorption rate becomes finite. The anisotropy of Png 
is a new property of the striped Hall gas. 

B. Properties of the density correlation function 

In this subsection, we discuss properties of the density correlation function which is a temporal diagonal element 
of the current correlation function in the QHS. 

When excitations have finite energy gaps, the dominant resonance of the density correlation function ^^"(k, — k) 
occurs at Lo — Uc in the long wavelength limit. Since the striped Hall gas has a zero-energy excitation, there is also 
a resonance of the density correlation function at the NG mode frequency. We study the NG mode resonance of the 
density correlation function in the long wavelength limit and find that the dominant resonance occurs at the NG mode 
frequency. 

First we derive the cyclotron resonance in the density correlation function when there is a finite energy gap. The 
ground state and an excited state are denoted by |0) and \m), respectively. The current conservation law gives 
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FIG. 2: i?-dependence of the photon energy absorption rate with r^ — 2.474 at Z = 2. The photon absorption rate P]<ig/{£J^S{lo — 
Esma)) at the small k is shown by a solid curve, and Pcyciotron/(£^£'5(a; — loc)) is shown by a dashed curve. We fix a filling 
factor as !^ = 2.5 and change a magnetic field B[T] around 2.5[r] where an ainsotropic resistivity ai u — 2.5 is observed. The 
unit of the vertical axis is [s^ A^/kg m^]. 



(77i|[iJ, jO(k)]|0) — iJ2i=x v^^(''^\^^0^)\^)^ where j'^(k) = J (Prj^^{r)e^^''^ . Thus a matrix element of the density 
operator (TO|j"(k)|0) is represented by iJ2i=x y ^i(Ob*(l^)l"^)/(^ni ~ ^o)- By using this matrix element and j*(k) — 



Tr'/rTi + 0(k), we can rewrite the density correlation function as follows, 

/ (0|?(k)|m)(m|?(-k)|0) (0|?(-k)|m)(m|j°(k)|0) \ 

uj — Em + Eo + i6 J 

_ 1 ,-^ ,-^ hkj I (0|7rV>("^k^'|0) (0|7rJ'|m>("^kiO) 

N,k^ r 1 



ifOOfk -kl = V I (Ob"W|m)(mU"(-k) 

'^ ^ ' ' ^\ oj + Em-Eo-tS uj-Em + Eo + tS / 

m^ . -^^ "^^ (£"771 — EqV 1 cj + £"„! — _Eo — ^^ ^ — ^^m + £"0 + ^^ 



0(k) 






27r [_ LJ + Wc — il^ W — Wc + «(5 j 77T.2 -"^-^ {Em — Eq)"^ 

where the operator tt* is the covariant momentum defined as 

d^r\I't(r)27rry*(r), 
dV*t(r)27rC*(r). 



O(k^), 



(4.6) 



(4.7) 



When there is a finite energy gap, the k-dependence of the energy difference in the second term is negligible. Thus 
the largest residue of the density correlation function O(k^) appears at the cyclotron frequency, and the residues of 
the density correlation function at the other excitations are O(k^). The cyclotron resonance is dominant at a small 

Next we discuss a resonance in the density correlation function when there is a gapless excitation. In this case, we 
cannot neglect the k-dependence of the energy difference. Since the energy difference Em — Eq approaches zero as k 
approaches zero and cancels ki in the numerator of Eq. (|4.6(l , residues of the density correlation function at gapless 
excitations in the second term of Eq. H4.6|) may become larger than O(k^). We use the LL projected density correlation 
function of the striped Hall gas obtained in the previous section, and study a residue of the density correlation function 
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at the NG mode frequency. Inserting Eq. (|3.22() into Eq. H3.6(l . we obtain the long wavelength limit of the density 
correlation function in the Ith LL as 

= aM / I I \ , (4.8) 

2n \w + i?sMA(k) - i(5 u} - EsMACk) + iS j 

where we use a'^(k) = 1 in the small k region. By comparing Eq. (|4.()|) with Eq. (|4.8|l . we know that the residue of 
the density correlation function at the NG mode frequency is A\ky\/{2TT), and the residue of the density correlation 
function at the cyclotron frequency is N^h'^ /2tt. The density correlation function of the striped Hall gas has the 
largest residue at the NG mode frequency in the long wavelength limit. Hence, the dominant resonance of the density 
correlation function occurs at the NG mode frequency. 

The no!2(k, cj) should satisfy the f-sum rulc^° in the subspace of the Ith LL as the following, 



/>OC 

/ dwwlmn[j°(k,u;) =7ri/,/(k). (4.9) 



The left hand side is calculated in the SMA by using Eq. 13.22|l . and is given by 

f°° \k I 

J du;EsMA{ky-^TTS{u;-EsMAm. (4.10) 

Using i5sMA(k) = /(k)/s(k) and s(k) = |fcj,|/(27ri^,), this becomes 7r;/»/(k) which is the right hand side of Eq. (|4.9|l . 
Hence, no°(k, lj) in the SMA satisfies the f-sum rule. This suggests that the SMA is reasonable. 

V. SUMMARY AND DISCUSSION 

In this paper, we have studied the contribution of the NG mode at lu — uji^gO^) ^o the current correlation function 
of the striped Hall gas. The striped Hall gas is the UCDW state which is one of the HFA solutions and has an 
anisotropic Fermi surface. The striped Hall gas spontaneously breaks the magnetic translational symmetry and the 
magnetic rotational symmetry. The symmetry breaking causes a gapless NG mode. 

We evaluated the current correlation function in the subspace of Ith LL and clarified the k-dependence of the 
LL projected current correlation function. Then, we found that the dominant resonance of the density correlation 
function occurs not at lo — lOc but at a; = WNG(k) at the small k. The density correlation function satisfies f-sum 
rule in the subspace of Ith LL, then the SMA is reasonable. Using the current correlation function, we saw that the 
new highly anisotropic photon energy absorption occurs at the NG mode frequency. The photon energy absorption 
rate at a; = cjngC*) depends on the incident direction of the electromagnetic wave. A finite energy absorption occurs 
when the incident direction is perpendicular to the stripes. When the incident direction is parallel to the stripes, the 
absorbed energy diverges in the |k| ^ limit. 

When the incident direction of the electromagnetic wave is perpendicular to the stripes, the photon energy ab- 
sorption rate at oj = ajjvG(k) is proportional to B^'^ and is larger than the photon absorption rate at ui = Uc- At 
B — 2.5 [T] where the anisotropic resistivity at ;/ = 2.5 is observed, the striped Hall gas in the half-filled third LL 
absorbs the photon energy at the NG mode frequency which is twice as large as the absorbed energy at the cyclotron 
frequency. 

When there is a finite excitation energy gap, the sharp absorption only occurs at the cyclotron frequency and is 
not affected by the electron interactions due to the Kohn's theorem. Without the LL projection, we found a sharp 
photon energy absorption at lo ~ lOc in the striped Hall gas. The photon energy absorption rate at to = lOq does not 
depend on the incident direction of the electromagnetic wave in the |k| — > limit. The cyclotron resonance is not 
affected in the striped Hall gas. The result supplements the Kohn's theorem in the system of the NG mode. 

We used the SMA in the present paper. The SMA is one of two approaches to study the low energy excitation. The 
other approach is based on the edge picture in which the low energy excitations are assumed as small displacements 
of the edges of the stripes. At a small k, the excitation energy in the SMA is proportional to |fcj,|(Aofc^ -|--Bofcf) where 
Aq and Bq are constants. The excitation energy based on the edge picture is proportional to |fcj,|{(FA:^ -f _ftrfc^)/|k|}^/^ 
where Y and K are the compression and the bending elastic moduli^*^, respectively. The SMA excitation energy is 
smaller than the excitation energy based on the edge picture. Hence the SMA is appropriate for the study of the NG 
mode, and we applied the SMA in this paper. 
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In summary, We found that the anisotropic photon energy absorption occurs at uj = lungO^) i'^ the small k 
region. The photon energy absorption rate at uj — ujj^q (k) depends on the incident direction of the electromagnetic 
wave, whereas the photon energy absorption rate at ui = ojc does not depend on the direction in the |k| ^ limit. 
The absorbed energy at lu = ungO^) i^ larger than the absorbed energy at lu = ujc when the incident direction is 
perpendicular to the stripes. We hope that the anisotropic photon energy absorption will be observed in experiments 
for the evidence of spontaneous breaking of the magnetic translational symmetry in the striped Hall gas. 
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APPENDIX A: DEFINITION OF A PHOTON ENERGY ABSORPTION RATE 

In this section, we derive a photon energy absorption rate of the QHS by using the first order perturbation when 
an electromagnetic wave is added. It is assumed that the electromagnetic wave E — £e*'^^°'"^°~*'^* is propagating 
with the wave number vector kajj = (k, k^) and oscillating with the frequency uj in the spacetime {vsd, t) — (r, z, t). 
Then the interaction Hamiltonian Vint{t) = £ J d^rA^r^ti^sD) ■ hDi^sDJ is written with Agj-t = £e'^^^'^'^^°~'^'^^ /iuj 
as Vint{t) = e J d^r£ • J3D(r3£))e*''^°"'^°~*"*/*'^ = 6£ • J3£)(k3£i)e^"^*/iw. Here we use a three-dimensional current 
operator jso = {j^{TC3D),f{^3D),f{'r3D)) with j'^(r3D) = jf'{r)S{z) for /z = 0,1,2, and j^(r3D) = 0. Then the 
Fourier transformation gives j^(k3D) — j'^(k) and j^{\i.3r>) = 0. By summing up all possible final states, a transition 
probability from an initial state \i) to a final state |/) is given by using the first order perturbation as follows. 



Prob = Y^ 

f 



-T/2 



E ^E^^H'(*ij''(-'')i/)(/i^'"wiz). (Ai) 



2 X ^ ^l^m 

e ^ 



l,m=l,2 f 



Here Ft(w) = J^^)^ die-*("^^^+^')*, which satisfies liuiT^oa Ft{uj) = 2ttS{uj ~ Ef + Ei). The transition probability 



-T/2 

per unit time is written as 

^= Y. Y.^n^{c.-E,+E.,)^±ip^{^\y{-k)\f){f\r{k)\^). (A2) 

1 LU 

/,m=l,2 / 

Suppose that the initial state \i) is the ground state |0). Then Eq. HA2|I is represented by the current correlation 
function as 

Prob ^-^ 2e'^£^£mA^ •-,„,, , ,.„, 

-^jT- = E 2 Ini^>onr(k,^). (A3) 

l,m=l,2 

We define the photon energy absorption rate P as 

Lm=l,2 

Suppose that the electromagnetic wave is the left-handed circularly polarized wave with £ = £l{'^x +iGy), then the 
photon energy absorption rate is given by 

P ^ ^f!^(lni^>onS^(k,c.) -f Im„>on;jnk,L.)). (A5) 

UJ 
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APPENDIX B: CYCLOTRON RESONANCE 

In this section, we derive the cyclotron resonance when a homogeneous electromagnetic wave is added to the striped 
Hall gas. The covariant momentum is written as 

TT* = mf{0) (Bl) 

with j*(k) ~ J cPr'^'^{r)v^'${r)e^^''^, where i = x,y and w* = Lud—V^O- The covariant momentum operators satisfy 
[tt^jTt^] = ~'i2TrQ — —iiirN^, where we replace the conserved charge Q by iVg- The covariant momentum operators 
also satisfy the following relation i[H, tt'] = — 27r^ ■ ^ eyTr-'/rra, where e^ is antisymmetric tensor and suffix i, j run 
X, y. From these relations, we now define the energy ladder operators tt± as 

'* = Tik"' *"■''■ <"" 

The energy ladder operators satisfy [7r_,7r+] = 1. Then we find that 

[H,7:±]^±LU,n±. (B3) 

Thus, TTj- shifts the energy of the system by the cyclotron energy tUc- This property indicates that an excited state 
with the energy Eq + nuc exists, where -ff |0) = Eo\0) and n is an integer. In the following discussion, we assume that 
7r_ |0) = and (0|7r_|_ = 0, because of the stability of the ground state. This assumption prohibits the transfer to lower 
Landau levels than the ground state. 

Next, we calculate the photon energy absorption rate in Eq. l)A5ll with k = 0. By using Eq. 1)3. 8|l . Imi^>ono' (0, w) 
is written as 

^^^J {2nr {2nr ^^ f^^^ '" ^^^^ ^°' <^o\f{^'M <^){0, a|?(k")|0, ao)nS{co - E^{0) E^^). (B4) 

We evaluate (0, cro|j*(k')|Oi cr) where |0, r) = 7r_|_|0, tq) and |0, ctq) is the ground state in the HFA. The current operator 
is written in the vNL basis as 

JBZ [ ""J ; ;, 

Taking into account the forbidden transition between occupied states or between empty states, the matrix element in 
Eq. I|B4|) is given by 

(O,ao|f (k')|0,a) = -i^(0,aokiO,c7)(2^)2^(k') + 5]aL,.(2^)''5(k' + 27rn). (B6) 



Inserting the matrix element into Eq. (|B4p . we obtain 

i—x,y i—x.y (J 

where pe = N^/A. a^^(n ^ 0) does not contribute to the current correlation function. By inserting this current 
correlation function into Eq. (|A5I) with k = 0, a sharp energy absorption is obtained as follows, 



cyclotron 



e Cj^Pe 



27r(5(w - uic). (B8) 
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